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We introduce and investigate a new sectional property for topological sequence
spaces, which we call the KB property. It turns out that multipliers into l∞ and
multiplication by l1 play a very similar role for KB as multipliers into bs and mul-
tiplication by bv0 do for the well-known sectional property AB. However, we also
encounter signiﬁcant differences. One of these differences motivates the study of
l1-invariant sequence spaces, that is, sequence spaces E with l1E = E.  2001 Aca-
demic Press
1. INTRODUCTION
In a recent study on hypercyclic weighted shift operators [13] we were
led to introduce a new class of topological sequence spaces that had not
been studied in the literature before. This class consists of all topological
sequence spaces E that contain the space ϕ of all ﬁnitely nonzero sequences
as a dense subspace with the additional property that for every sequence
x = xn ∈ E the set
xnen  n ∈ 
is bounded in E, where en = δnkk. While the density of ϕ in E is usually
referred to as the property AD, the additional property is new and we shall
call it the property KB (koordinatenweise beschra¨nkt).
The name “KB&AD” for the new concept was suggested by sequence
space theory. In [13], however, we had decided to use the equivalent lan-
guage of the theory of biorthogonal systems. We say there instead that the
sequence en of canonical unit vectors in E forms an OP-basis (Ovsepian–
Pełczyn´ski basis); cf. Section 2 below.
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It is obvious that the property KB&AD is weaker than the familiar prop-
erty AK which says that x = ∑∞n=1 xnen for all x ∈ E; equivalently, the
concept of an OP-basis is weaker than that of a basis. The new concept is
of interest because
• in [13] it provides the natural assumption on sequence spaces for
the results there to hold;
• there are familiar sequence spaces that have KB&AD but not AK,
like (the sequence space representation of) the Hardy space H1;
• by a result of Ovsepian and Pełczyn´ski [17] every separable Banach
space is isomorphic to a BK-space with KB&AD, while by Enﬂo’s coun-
terexample to the basis problem it need not be isomorphic to a BK-space
with AK.
Hence it appears that the new concept deserves closer inspection.
In this paper we shall study the properties KB (Section 3) and KB&AD
(Section 4) within the framework of sequence space theory, where we
restrict ourselves to FK-spaces. It is our primary aim to study these proper-
ties along the lines of previous investigations by Garling [10], Buntinas [3–
7], Sember [21, 22], Fleming [9], and many others on related sectional prop-
erties. We shall encounter many similarities but also noteworthy differences.
These differences have motivated the study of l1-invariant sequence spaces
(Section 5) and of a new sectional property called AAK (Section 6). We
shall begin, however, with a comparison between the language of the theory
of sequence spaces and the language of the theory of biorthogonal systems
as far as property KB is concerned (Section 2).
Notation. The space of all (real or complex) sequences is denoted by
ω; the space of all ﬁnitely nonzero sequences is denoted by ϕ. A sequence
space E is any linear subspace of ω, and E is called a topological sequence
space (or K-space) if it is endowed with a linear topology in such a way
that each coordinate functional fn x 	→ xn n ∈  is continuous on E. An
FK- (BK-)space is a K-space that is a Fre´chet (Banach) space. We refer the
reader to [27] for the theory of FK-spaces.
Apart from the BK-spaces listed in [6], see also [27], the Ko¨the echelon
spaces will turn out to be important for our work. Let A = ank be a
Ko¨the matrix, that is, a matrix of nonnegative numbers such that for all
k ∈  there is some n ∈  with ank > 0, and ank ≤ an+1k for all n k ∈ .
Further let 0 < p ≤ ∞. Then the space
λpA =
{
x = xk 
∞∑
k=1
xkankp <∞ for all n ∈ 
}

with the usual modiﬁcation if p = ∞, is called a (Ko¨the) echelon space of
order p; see [2, Sects. 1 and 5] and [15, Chap. 27].
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We write e for the sequence 1 1 1   , and we write x for spanx.
A diagonal transform of a sequence space E is a space of the form Ea =
x ∈ ω  xnan ∈ E where a = an is a sequence of nonzero scalars.
As regards the notation for multipliers and sectional properties we shall
follow the Goes–Buntinas school; see, for example, Section 2 of [6]. In
particular, if E is a K-space containing ϕ then EAK is the set of all sequences
x ∈ E that have property AK (that is, for which x = ∑∞n=1 xnen in E), EAB
is the set of all sequences x ∈ ω that have property AB in E (that is, for
which ∑nk=1 xkekn is bounded in E), and EAD denotes the closure of ϕ
in E. The space E is said to have the property AK (AB, AD) if E = EAK
E ⊂ EABE = EAD, respectively.
Let E and F be any sequence spaces. Then EF is the set of all sequences
xy = x · y = xnynn with x ∈ E and y ∈ F , with E · x = Ex. The multi-
plier space EF = E → F is the space of all sequences x for which xy ∈ F
for all y ∈ E, and we shall write Em = E → l∞.
2. THE LANGUAGE OF BIORTHOGONAL SYSTEMS
It is well known that in many respects sequence space theory and the the-
ory of biorthogonal systems provide equivalent yet very different languages
for the same concepts and ideas. Unfortunately, the translation between
these languages is not always immediate so that often results in one area
are ignored and later rediscovered in the other area. We refer the reader
to Singer’s comments on this point in [24, Chap. III.7].
Thus, in order to clarify the situation we shall here compare the different
languages as far as is relevant to the property KB. In fact, while KB seems
to be a new property in the theory of sequence spaces, it coincides with
known properties in the theory of biorthogonal systems. On the other hand,
the results on the property KB that we obtain in this paper seem to be new
even when put in the language of biorthogonal systems.
We shall restrict ourselves to the setting of Banach spaces. Thus let E
be a Banach space. Then a biorthogonal system is a sequence en fnn∈
with en ∈ E and fn ∈ E′, the topological dual of E, such that fnek = δnk
for n k ∈ , where δnk denotes the Kronecker delta. The system is called
total if the span of the functionals fn is weak-∗-dense in E′ or, equivalently,
if x = 0 is the only element x ∈ E with fnx = 0 for all n ∈ . This is
the crucial property linking biorthogonal systems with sequence spaces: If
en fn is a total biorthogonal system then the mapping
̂  {E → ω
x 	→ xˆ = fnx
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is injective and hence deﬁnes a bijection between E and the sequence
space
Ê = xˆ = fnx  x ∈ E
The space Ê is the sequence space representation of E with respect to the
biorthogonal system en fn. In this representation the elements en corre-
spond to the canonical unit sequences en = δnkk, and the functionals fn
correspond to the coordinate functionals xk 	→ xn. Thus the sequence
space Ê contains ϕ, and it becomes a BK-space when we transfer to it the
topology from E. Conversely, every BK-space containing ϕ arises in this
way; it is the sequence space representation of itself with respect to the
canonical (total) biorthogonal system.
A biorthogonal system en fn in a Banach space is called fundamental
(or complete) if the span of the elements en is dense in E; it is called
bounded if
sup
n
en fn <∞
(cf. [19]). Since the values of en are irrelevant for biorthogonal systems,
the latter condition is essentially equivalent to requiring that supn en <∞
and supn fn <∞; cf. [24, p. 166] or [26].
If the biorthogonal system en fn in E is total then it is fundamental if
and only if Ê has AD. Similarly, the boundedness of en fn is equivalent
to Ê having the new property KB. This follows from the equalities
sup
n
en fn = sup
x≤1n∈
enfnx
= sup
xˆ≤1n∈
enxˆn = sup
xˆ≤1n∈
xˆnen
and the uniform boundedness principle.
There is a third way in which the properties stated above can be
presented, namely in terms of sequences en in the Banach space E.
A sequence en is called minimal if, for all n ∈ ,
en ∈ spanek  k = n
This is equivalent to saying that there are functionals fn ∈ E′ such that
en fnn∈ is a biorthogonal system in E; cf. [23, pp. 50, 53, 54]. The
sequence en is called uniformly minimal if
inf
n
dist
(
en
en
 spanek  k = n
)
> 0
which is equivalent to the existence of a biorthogonal system en fn that
is bounded; cf. [23, p. 62] or [25].
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Finally, the sequence en is called a generalized basis if there are ele-
ments fn ∈ E′ such that en fn is a total biorthogonal system; it is called
an M-basis (or Markushevich basis) if en fn is a fundamental and total
biorthogonal system; cf. [24, pp. 189 and 219].
From the discussions so far it is clear that the property KB&AD for
BK-spaces is equivalent to the concept of a uniformly minimal M-basis
en, which we termed an OP-basis (or Ovsepian–Pełczyn´ski basis) in [13]; it
is the same as saying that there exist functionals fn ∈ E′ such that en fn is
a bounded fundamental and total biorthogonal system. The justiﬁcation for
the new terminology is that the main result of Ovsepian and Pełczyn´ski [17]
says precisely that every separable Banach space has an OP-basis, which,
incidentally, gave a positive answer to a question of Banach [1, Remarques,
Chap. VII, Sect. 1].
The following table summarizes the connections between the various
properties discussed above, where in the last line we have added the notion
of a basis, corresponding to the property AK in BK-spaces.
en fn en BK-space Ê
Biorthogonal system (b.s.) Minimal —
Fundamental b.s. Minimal and total —
Total b.s. Generalized basis Ê exists, Ê ⊃ ϕ
Bounded b.s. Uniformly minimal —
Bounded fundamental b.s. Uniformly minimal —
and total
Bounded total b.s. Uniformly minimal KB
generalized basis
Fundamental and total b.s. M-basis AD
Bounded fundamental and Uniformly minimal KB&AD
total b.s. M-basis = OP-basis
— Basis AK
3. THE PROPERTY KB
From now on we shall adopt the framework of the theory of sequence
spaces. We start by formally introducing the property KB.
Deﬁnition 3.1. Let E be an FK-space containing ϕ. Then a sequence
x = xn ∈ ω has the property KB (in E) if the set
xnen  n ∈ 
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is bounded in E. The space E is said to have the property KB if every x ∈ E
has KB.
Obviously one could formulate the deﬁnition in a much broader setting.
On the one hand we could drop the requirement that E contain ϕ if we
demand in addition that xnen ∈ E for all n ∈ . On the other hand we could
consider arbitrary K-spaces E. However, most of the results in this paper
will require additional properties of E, like being locally convex, barrelled,
or complete. Thus in this ﬁrst study of the property KB we will be content
with considering FK-spaces E containing ϕ.
There is a large number of sectional boundedness properties similar to
KB that have been studied in the literature. Apart from the well-known
property AB (Zeller [28] and Garling [10]; see [27, 10.2, 10.3]) we have
its unconditional, absolute, and strong variants UAB (Sember [21]), AB,
and [AB] (Buntinas and Tanovic´-Miller [6 7]) and the generalizations to
Toeplitz sections TB (Meyers [16] and Buntinas [3]), UTB (Fleming [9]),
and TB (Grosse-Erdmann [12]). Many of the results on these properties
show a very close resemblance, which suggests we study the new property
KB along the same lines. We shall ﬁnd that in many respects KB behaves
just like the other properties, but we shall also meet several instances where
the behaviour is markedly different.
We start with an immediate observation.
Observation 3.2. Property KB is weaker than the property AB.
As a consequence, most familiar FK-spaces have KB. Thus it is more
instructive to look for FK-spaces that do not have KB or for spaces that
have KB but not AB.
Examples 3.3. (a) Let z be a ﬁxed sequence that does not converge to
zero. Then
E = c0 ⊕ z
has KB if and only if it has AB and if and only if z is bounded. In particular,
c0 ⊕ n does not have KB.
(b) Let z be a ﬁxed sequence that does not belong to l1. Then
E = l1 ⊕ z
never has AB, while it has KB if and only if z is bounded. In particular,
l1 ⊕ e is a KB-non-AB-space.
(c) Let
E = c0 = x  xn − xn−1 → 0 as n→∞
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with x0 = 0. Then E has AD, cf. [27, 5.2.14], but not KB. To see this note
that E is a BK-space with norm given by
x = sup
n
xn − xn−1
so that x ∈ ω has KB if and only if x is bounded, and the unbounded
sequence ∑nk=1 1kn belongs to E.
(d) The Cesa`ro series-to-sequence convergence domain
cC1! =
{
x 
(
1
n
n∑
k=1
k∑
j=1
xj
)
n
converges
}
=
{
x 
( n∑
k=1
(
1− k− 1
n
)
xk
)
n
converges
}
is known not to have AB. It does not even have KB. To see this note that
cC1! is a BK-space with norm
x = sup
n
∣∣∣∣ n∑
k=1
(
1− k− 1
n
)
xk
∣∣∣∣
cf. [27, 4.3.3]. Thus, xnen = xn for every x ∈ ω, so that x ∈ ω has
KB if and only if it is a bounded sequence. But cC1! clearly contains
unbounded sequences.
Deﬁnition 3.4. Let E be an FK-space containing ϕ. Then we set
EKB = x ∈ ω  x has property KB in E
We do not require here that x belongs to E. Obviously, a space E has KB
if and only if E ⊂ EKB.
As usual, EKB carries a natural topology that renders it an FK-space with
property KB. We deﬁne the topology by the seminorms
pKBx = sup
n∈
pxnen x ∈ EKB
where p ranges over all continuous seminorms on E. By a standard argu-
ment, EKB is an FK-space in this topology, and since pKBxnen = pxnen
for all x ∈ ω it also has KB. However, in contrast to all other sectional
boundedness properties we have here a rather explicit description of the
spaces EKB which, in addition, turn out to enjoy much stronger properties
than merely KB.
Proposition 3.5. (a) Let E be an FK-space containing ϕ. Then EKB is a
solid FK-space and hence has property AB. More precisely, EKB is a Ko¨the
echelon space of order ∞, that is,
EKB = λ∞A
for some Ko¨the matrix A.
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(b) Let E be a BK-space containing ϕ. Then EKB is a diagonal trans-
form of l∞; more precisely,
EKB = l∞a
with a = enn.
Proof. (a) Let the topology of E be deﬁned by an increasing
sequence of seminorms pn n ∈ . Then we have x ∈ EKB if and
only if supk xkpnek = supk pnxkek < ∞ for all n ∈ . The matrix
A = pneknk is a Ko¨the matrix, and we have that EKB = λ∞A Hence
EKB is a solid FK-space, which implies (a); cf. [6, Corollary 2 to Theorem
2]. Part (b) also follows.
One might call a space KB-perfect if E = EKB. While there are many
spaces that are, for example, AB-perfect there are only a very few
KB-perfect spaces so this notion is of little interest. In fact, we have
the following.
Corollary 3.6. An FK-space containing ϕ is KB-perfect if and only if it is
a Ko¨the echelon space of order ∞. The only KB-perfect BK-spaces containing
ϕ are the diagonal transforms of l∞.
Proof. In view of Proposition 3.5 it sufﬁces to observe that λ∞AKB =
λ∞A for every Ko¨the matrix A.
We turn to the characterization of property KB in terms of the f -dual.
Recall that the f -dual Ef of an FK-space E containing ϕ is deﬁned as
Ef = f enn  f ∈ E′
where E′ is the topological dual of E. The following result is analogous
to the corresponding result for the property AB; cf. [3, Theorem 1 with
Corollary 2 and Theorem 4] or [27, 10.3].
Theorem 3.7. Let E be an FK-space containing ϕ.
(a) We have EKB = Ef m.
(b) The following assertions are equivalent:
(i) E has KB;
(ii) Ef ⊂ Em;
(iii) Emm ⊂ EKB; (iii′) Emm = EKB;
(iv) E ⊂ Ef m.
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Proof. (a) Since x ∈ EKB if and only if xnen  n ∈  is (weakly)
bounded in E, we see that x ∈ EKB if and only if xnf enn ∈ l∞ for
all f ∈ E′, which implies (a).
(b) The equivalence (i)⇔(iv) is trivial by (a), and (ii) and (iv) are both
equivalent to EEf ⊂ l∞. Condition (iii) implies (i) because E ⊂ Emm, and
(ii) implies (iii) because from Ef ⊂ Em we obtain that Emm ⊂ Ef m =
EKB. Finally, for (iii)⇔(iii′) it sufﬁces to show that EKB ⊂ Emm holds for all
spaces E. In fact, let z ∈ EKB and y ∈ Em = E → l∞. Then there exists
a continuous seminorm p on E so that supk xkyk ≤ px for all x ∈ E.
Taking, in particular, x = znen n ∈  we see that znyn ≤ pznen
for all n ∈ , hence supn znyn < ∞ because z ∈ EKB. This shows that
z ∈ Emm.
However, there is not complete analogy with property AB. For AB one
can replace the condition corresponding to (ii) with an equality, cf. [3,
Theorem 4] or [27, 10.3.8], which is not true for KB.
Example 3.8. There is a space E with KB for which Ef Em. Such a
space is E = c0 with Ef = l1 and Em = l∞.
In fact, we shall see in Corollary 3.12 below that there exists no sequence
space G that satisﬁes
E has KB ⇔ Ef = EG
As an application of Theorem 3.7 we get the following analogue of the
corresponding result for AB; cf. [27, 10.3.18]. We recall that the f -dual of
a BK-space containing ϕ is again a BK-space with norm given by y =
inffE′  y = f enn f ∈ E′ y ∈ Ef ; cf. [27, 7.2.14].
Theorem 3.9. Let E be a BK-space containing ϕ.
(a) If E has KB then so does Ef .
(b) If E ⊂ Eff , then E has KB if and only if Ef does.
(c) If E has AD, then E has KB if and only if Ef does.
Proof. (a) Let f ∈ E′, and let fn denote the coordinate functional
fn x 	→ xn. Then
sup
n∈
f enenEf ≤ sup
n
f enfnE′ = sup
n
f en fnE′
≤ f sup
n∈x≤1
en xn = f sup
n∈x≤1
xnen <∞
by the property KB for E and the uniform boundedness principle.
(b) If E ⊂ Eff then Effm ⊂ Em. Hence, if Ef has KB then, by
Theorem 3.7, Ef ⊂ Ef fm ⊂ Em, so that E has KB. The converse holds
always by (a).
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(c) This follows from (b) and the fact that every AD-space E satisﬁes
E ⊂ Eff ; cf. [27, 7.2.15].
Example 3.10. The converse of Theorem 3.9(a) does not hold: Ef hav-
ing KB does not imply that E has KB. As a counterexample one may take
E = c0 ⊕ n with Ef = l1; cf. Example 3.3(a).
In the case of the property AB, the analogue of Theorem 3.9 has the
following consequence: If E and Ef have AB then E ⊂ Eff ; cf. [27, p. 170].
This is not so for property KB.
Example 3.11. E and Ef having KB does not imply that E ⊂ Eff . Here
one may take E = l1 ⊕ e; cf. Example 3.3(b). Then Eff = l1 ⊃ E, but E
and Ef = l∞ have KB.
A consequence of this example is the following perhaps unexpected result
that we announced earlier.
Corollary 3.12. There is no sequence space G with the property that a
BK-space E containing ϕ has KB if and only if Ef = EG.
Proof. If such a space G existed then for every BK-space E containing
ϕ for which E and Ef have KB we would have
Eff = EfG = EGG ⊃ E
contradicting Example 3.11.
So far, our characterizations of KB involve concepts like the f -dual that
depend on the topology of E. We now want to obtain characterizations that
are purely sequence space theoretic.
Proposition 3.13. Let E be an FK-space containing ϕ. Then a sequence
x ∈ ω has KB in E if and only if l1 · x ⊂ E.
Proof. If x has KB then xnen  n ∈  is bounded in E, which implies
that ∑nk=1 ynxnenn is a Cauchy sequence of elements in E for every y ∈ l1.
By completeness of E we see that y · x ∈ E for all y ∈ l1.
Conversely, let x ∈ ω so that l1 · x ⊂ E. Then the mapping l1 → E y 	→
y · x is continuous, hence bounded. Since en  n ∈  is bounded in l1 we
get that xnen  n ∈  is bounded in E, hence that x has KB in E.
As an immediate consequence we obtain the following.
Corollary 3.14. For any FK-space E containing ϕ we have
EKB = l1 → E and EKB ∩ E = l1 ⊕ e → E
This, in turn, gives us the desired multiplier characterizations for a space
to have KB.
122 k.-g. grosse-erdmann
Theorem 3.15. Let E be an FK-space containing ϕ. Then the following
assertions are equivalent:
(i) E has KB;
(ii) l1E ⊂ E;
(iii) l1 ⊕ eE = E;
(iv) l1 ⊕ eE ⊂ EKB.
Proof. The equivalence i ⇔ ii follows from Proposition 3.13,
while ii ⇔ iii is trivial, as is iv ⇒ i. And (i) with (ii) clearly
implies (iv).
A comparison with the corresponding result for property AB, cf. [3,
Theorem 11], shows that the analogy is again complete with the only excep-
tion of a characterization of KB in terms of a factorization
l1E = E?K
where ?K would be a new sectional convergence property related to KB;
see also our discussion before Example 4.11 below. The problem of ﬁnding
such a property will be solved essentially in Section 6; Theorem 6.7 there
will complete Theorem 3.15.
4. THE PROPERTIES KB&AD AND KK
Each of the sectional boundedness properties AB, UAB, AB, and [AB]
can be strengthened to the corresponding sectional convergence prop-
erty AK, UAK, AK, and [AK] by adding the property AD; cf. 6 7,
22 28. This suggests considering the property KB&AD for topological
sequence spaces.
Deﬁnition 4.1. Let E be an FK-space containing ϕ. Then a sequence
x ∈ E has property KB&AD if x has properties KB and AD. The space E is
said to have property KB&AD if every x ∈ E has KB&AD.
Thus, x ∈ E has KB&AD if it can be approximated in E arbitrarily closely
by ﬁnite sequences and if the set xnen  n ∈  is bounded in E.
As in the case of the other sectional boundedness properties one
would like to replace KB&AD with a more convergence-like property.
A moment’s reﬂection indicates that the following might be the right
concept.
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Deﬁnition 4.2. Let E be an FK-space containing ϕ. Then a sequence
x ∈ E has property KK if for each ε > 0 and each continuous seminorm p
on E there is a sequence y ∈ ϕ with
px− y < ε and sup
n∈
p
(xn − ynen) < ε
The space E is said to have property KK if each x ∈ E has KK.
Of course it sufﬁces to take ε = 1. An equivalent deﬁnition is that x has
KK if there is a sequence yk of elements in ϕ such that, in E,
yk → x and ykn en → xnen uniformly for n ∈ 
We have chosen the acronym KK as originating from KB with AD
just as AK derives from AB with AD. One might take KK to stand for
komponenten-uniforme Konvergenz. The following result shows that KK
indeed has the same relation to KB&AD as AK has to AB&AD, which
justiﬁes our deﬁnition.
Theorem 4.3. Let E be an FK-space containing ϕ.
(a) If x ∈ E has the property KK then it has the property KB&AD.
(b) The space E has the property KK if and only if it has KB&AD.
Proof. (a) Clearly KK implies AD, and since every sequence y ∈ ϕ triv-
ially has KB in E the same is true for any sequence x that has KK.
(b) In view of (a) we have only to show that if E has KB&AD then it
has KK. By KB the mappings x 	→ xnenn ∈  are equicontinuous, so that
for each continuous seminorm p there is a continuous seminorm q with
pxnen ≤ qx for all n ∈  and x ∈ E. Thus, given x ∈ E and ε > 0 there
is by AD a sequence y ∈ ϕ with px− y < ε and qx− y < ε, hence also
pxn − ynen < ε for all n ∈ . Hence E has KK.
We shall see below, cf. Example 4.6, that for individual sequences
KB&AD can be strictly weaker than KK.
We note another useful consequence of the property KK.
Proposition 4.4. Let E be an FK-space containing ϕ. If x ∈ E has the
property KK then xnen → 0 in E as n→∞.
Proof. Given ε > 0 and a continuous seminorm p on E we ﬁnd a
sequence y ∈ ϕ with pxn − ynen < ε for all n, hence pxnen < ε for
all n outside the support of y.
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Clearly any FK-space with AK has KB&AD. Hence the familiar sequence
spaces lp 1 ≤ p < ∞, c0 bv0, and cs have KB&AD. On the other hand,
no space without AD can have KB&AD; examples of such spaces are
l∞ bv c, and bs.
Again it is more instructive to ﬁnd spaces that have KB&AD but not
AK; cf. [13, Sect. 1b].
Examples 4.5. (a) We consider the Hardy space H1 and the disc alge-
bra A = A in the canonical way as sequence spaces; cf. [8; 14, p. 37]. It
is well known that these spaces have AD (the polynomials are dense) but
not AK. Moreover, because
xnenH1 = xn ≤ fH1
and
xnenA = xn =
∣∣∣∣ 12πi
∫
∂
f z
zn+1
dz
∣∣∣∣ ≤ fA
for f z =∑∞n=0 xnzn both spaces have KB.
(b) It follows from Example 3.3(d) that the space cC1! ∩ c0 of Cesa`ro
summable series with terms that converge to 0 has KB. It also has AD
because cC1! even has Cesa`ro-sectional convergence, cf. [29; 3, p.456], and
c0 even has AK. To see that cC1! ∩ c0 does not have AK we consider the
sequence x = xn given by
1 0     0−1 1
2

1
2
 0     0−1
2
−1
2

1
4

1
4

1
4

1
4
 0     0
−1
4
−1
4
−1
4
−1
4

1
8
    
Then the partial sums !nk=1xk of this sequence are Cesa`ro convergent to 1
if we choose sufﬁciently many separating 0’s; hence the sequence belongs
to cC1! ∩ c0. But the same is then also true for the remainders x − xn =0     0 xn+1 xn+2    when xn+1 is chosen as the ﬁrst term of the form
1
2k
 k = 1 2   , so that x− xn ≥ 1 for all these n, contradicting AK.
The space cC1! also shows that the converse of Theorem 4.3(a) does not
hold; cf. Example 4.10(a) below. We give here a simpler example.
Example 4.6. The property KB&AD is not equivalent to the property
KK for individual sequences. To see this consider a sequence x ∈ c0 that
belongs to l∞ \ c0, for example, x = !nk=1 1k2 n; cf. Example 3.3(c). Then x
has KB, and it has AD because the space c0 has AD. On the other hand,
in view of Proposition 4.4, x does not have KK because xnen = xn → 0.
As a consequence there is a need for both of the spaces that we
introduce next.
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Deﬁnition 4.7. Let E be an FK-space containing ϕ. Then we set
EKB&AD = x ∈ E  x has KB&AD = EAD ∩ EKB
EKK = x ∈ E  x has KK
By Theorem 4.3(a) we have that EKK ⊂ EKB&AD ⊂ E. Moreover, E has
KB&AD if and only if E = EKB&AD; it has KK if and only if E = EKK .
The spaces EKB&AD and EKK carry natural topologies, namely the one
induced by the seminorms
pKB&ADx = px + pKBx = px + sup
n∈
pxnen x ∈ EKB&AD
where p ranges over all continuous seminorms on E. A direct consequence
of this deﬁnition is the following.
Observation 4.8. We have that EKB&ADAD = EKK .
Proposition 4.9. Let E be an FK-space containing ϕ.
(a) EKB&AD is an FK-space with KB, and EKK is a closed subspace
of EKB&AD.
(b) EKK is an FK-space with KK.
(c) EKB&AD has KB&AD if and only if EKB&AD = EKK .
Proof. (a) It is a standard exercise to show that EKB&AD is an FK-space.
It has KB because pKB&ADxnen = 2pxnen for all x ∈ ω and all p. The
second part follows from Observation 4.8.
(b) By Observation 4.8 and (a), EKK has KB and AD, hence KK by
Theorem 4.3(b).
(c) This follows from (b) and Observation 4.8.
Example 4.6 shows that we can have EKK EKB&AD, so that EKB&AD need
not have KB&AD. We calculate these spaces for two concrete spaces E.
Examples 4.10. (a) We have
cC1!KK = cC1! ∩ c0 and cC1!KB&AD = cC1! ∩ l∞
In view of Example 3.3(d) and Proposition 4.4 we need only show that
cC1! ∩ c0 ⊂ cC1!KK . This follows from the fact that cC1! ∩ c0 is an FK-space
that has KB&AD by Example 4.5(b), hence also KK by Theorem 4.3(b);
since cC1! ∩ c0 ⊂ cC1! the continuity of the inclusion mapping implies that
cC1! ∩ c0 ⊂ cC1!KK .
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(b) Similarly we ﬁnd for the space considered in Example 3.3(c) that
c0KK = c0 ∩ c0 = c0 and c0KB&AD = c0 ∩ l∞
We turn to characterizations of the property KK for FK-spaces. There is
a well-known sequence space characterization for AK. For an FK-space E
we have that E has AK if and only if bv0E = E, while E has AB if and
only if bv0E ⊂ E; cf. [10, Theorem 4 with Corollary 1] or [3, Theorem 11
with Corollary 2]. In view of Theorem 3.15 we would naively expect that E
has KK if and only if l1E = E. Two additional analogues of known AB–
AK-results in our present situation would say that E has KB if and only if
l1E = EKK , cf. [3, Theorem 11], and that we always have EKK = l1EKB; cf.
[12, Theorem 3.4]. The following example shows that all three analogues
fail. We shall see in Section 6 what the “true” analogues are.
Example 4.11. Consider E = c0. Then E has KK but l1E = l1 = E, and
E has KB but l1E = l1 = c0 = EKK , and EKK = c0 = l1 = l1l∞ = l1EKB.
These counterexamples leave us with three problems. First one may won-
der which sequence spaces E satisfy l1E = E; we shall address this problem
in the next section. Second, one may ask if there is another sectional con-
vergence property instead of KK for which the mentioned analogues hold;
this problem will be addressed in the ﬁnal section.
And third, we still have the task of characterizing the property KK for
FK-spaces. We have not been able to ﬁnd a purely sequence space theoretic
characterization for this property. The following, however, holds.
Theorem 4.12. Let E be an FK-space containing ϕ. Then the following
assertions are equivalent:
(i) E has KK;
(ii) E has property KB&AD;
(iii) l1 ⊕ eE ⊂ EAD;
(iv) l1E ⊂ E densely.
Proof. The equivalence of (i) and (ii) was obtained in Theorem 4.3(b).
i ⇒ iii. If E has KB and AD then EAD = E has KB and hence,
using Theorem 3.15, l1 ⊕ eE = l1E + E = l1EAD + EAD ⊂ EAD.
iii ⇒ iv. From (iii) we obtain the chain of inclusions ϕ ⊂ l1E ⊂
EAD ⊂ E ⊂ EAD and hence that l1E ⊂ E densely.
iv ⇒ ii. By Theorem 3.15, l1E ⊂ E implies that E has KB. And E
also has AD because ϕ is always dense in l1E. To see this, let z = yx ∈ l1E
with y ∈ l1 and x ∈ E. Then the mapping l1 → Ew 	→ wx is well-deﬁned
by (iv) and hence is continuous. Since l1 has AK it follows that z = yx can
be approximated by its sections, hence by elements in ϕ.
l1-invariant sequence spaces 127
5. l1-INVARIANT SEQUENCE SPACES
We have seen above that the equality l1E = E does not characterize
the property KK. This suggests the problem of determining the spaces E
that satisfy this equation. It turns out that very few FK-spaces have that
property, and, indeed, no BK-spaces containing ϕ have it.
Deﬁnition 5.1. A sequence space E is called l1-invariant if l1E = E.
We shall need the following variant of a well-known characterization of
nuclear Ko¨the echelon spaces; cf. [15, Proposition 28.16].
Lemma 5.2. Let A be a Ko¨the matrix and 0 < p < 1. Then λ1A is
nuclear if and only if λ1A = λpA.
Proof. Let A = ank and 0 < p < 1. Then we have that, for any r > 0,
x = xk ∈ λrA if and only if xkp ∈ λr/pAp, where Ap = apnk. This
implies that, for any r s > 0,
λrA = λsA if and only if λr/pAp = λs/pAp ∗
Hence, λ1A = λpA is equivalent to λ1/pAp = λ1Ap, which by
[15, Proposition 28.16, (4)⇔(5)] is equivalent to λ2/pAp = λ1/pAp.
Again, by (∗), this is equivalent to λ2A = λ1A, which ﬁnally is equiva-
lent to λ1A being nuclear by [15, Proposition 28.16].
With this we obtain the desired characterization of l1-invariant FK-spaces
containing ϕ.
Theorem 5.3. (a) An FK-space E containing ϕ is l1-invariant if and only
if it is a nuclear Ko¨the echelon space λ1A of order 1.
(b) No BK-space containing ϕ is l1-invariant.
Proof. (a) First assume that l1E = E. We claim that then
E =
{
x ∈ ω 
∞∑
k=1
xkpnek <∞ for all n ∈ 
}

where pn is a ﬁxed increasing sequence of seminorms deﬁning the topol-
ogy of E, so that E = λ1A with the Ko¨the matrix A = pnek.
To see this, let x ∈ E. Since l1E = E we can write x = yz with y ∈
l1 and z ∈ E. Then we have ∑∞k=1 xkpnek = ∑∞k=1 ykpnzkek < ∞
because z ∈ E and E has KB by Theorem 3.15. On the other hand, if∑
k xkpnek <∞ for all n ∈ , then 
∑n
k=1 xke
kn is a Cauchy sequence
in E and hence is convergent in E. Its limit is necessarily x.
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It remains to show that E = λ1A is nuclear. By Lemma 5.2 it sufﬁces
to verify that λ1A = λ1/2A, that is, that λ1A ⊂ λ1/2A. Thus let
x ∈ λ1A, hence x = yz ∈ l1λ1A with A = ank. Then we obtain that
∞∑
k=1
xkank1/2 =
∞∑
k=1
ykzkank1/2 ≤
( ∞∑
k=1
yk
)1/2( ∞∑
k=1
zkank
)1/2
<∞
for all n ∈ , hence x ∈ λ1/2A.
Conversely, let E = λ1A be a nuclear Ko¨the echelon space. Since
E has KB we have l1E ⊂ E by Theorem 3.15. On the other hand, let
x ∈ E = λ1A, that is, ∑∞k=1 xkank < ∞ for all n ∈ . Then there exists
a strictly positive sequence y ∈ l1 with
sup
k
xkank
yk
<∞ for all n ∈ 
(cf. [20, Chaps. 2, 3.4]). Hence the sequence z = xk/ykk belongs to
λ∞A, so that x = yz ∈ l1λ∞A. Since λ∞A = λ1A by nuclearity,
cf. [15, Proposition 28.16], we see that x ∈ l1λ1A. This shows that we
also have E ⊂ l1E, hence l1E = E.
(b) This follows from (a) since the only nuclear Banach spaces are the
ﬁnite-dimensional spaces. To give a more elementary argument note that
by the ﬁrst part of the proof of (a) every l1-invariant BK-space containing
ϕ is a diagonal transform l1a of l
1. Hence, as in (a) we see that l1E = l1l1a ⊂
l
1/2
a = l1a = E, which is a contradiction.
Thus, typical l1-invariant sequence spaces are (the sequence space repre-
sentation of) the space H of entire functions and the space s of rapidly
decreasing sequences; cf. [15, Example 29.4].
6. THE PROPERTY AAK
In Example 4.11 we have seen that the equality EKK = l1EKB does not
hold for all spaces E, and we asked if there is a sectional convergence
property replacing KK for which such an identity holds. In this section we
show that such a property does indeed exist. It was already introduced by
the author in [11, p. 502].
Deﬁnition 6.1. Let E be an FK-space containing ϕ. Then a sequence
x = xn has the property AAK (absolute Abschnittskonvergenz) if
∞∑
n=1
pxnen <∞
for all continuous seminorms p on E. The space E is said to have property
AAK if every x ∈ E has AAK.
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This corresponds to a well-known notion in the theory of biorthogonal
systems: The space E has AAK if and only if en is an absolute basis in E,
cf. [23, Chap. II, sect. 25] or [15, Chap. 27]. For an interesting connection
between absolute bases and nuclearity see [18].
It seems that while KB is the weakest reasonable sectional property, AAK
is the strongest sectional property. As an indication of this fact we have the
following observation that follows easily from the deﬁnitions; cf. [6].
Observation 62 Property AAK is stronger than the property AK.
Hence, AAK is also stronger than UAK, [AK], AK, and KK.
Examples 6.3. (a) The space c0 has AK but not AAK.
(b) The space l1 has AAK.
In fact, l1 is essentially the only BK-space that has AAK; cf. Corollary 6.9.
Deﬁnition 6.4. Let E be an FK-space containing ϕ. Then we set
EAAK = x ∈ E  x has property AAK
We note that a sequence x with AAK in E necessarily belongs to E by the
completeness of E. As usual, a space E has AAK if and only if E = EAAK .
We can turn EAAK into an FK-space by deﬁning its topology by
the seminorms
pAAKx =
∞∑
n=1
pxnen x ∈ EAAK
where p ranges over all continuous seminorms on E, and it is easy to
see that in this topology EAAK has AAK. In fact, as in the case of KB
we have an explicit description of the spaces EAAK; see also [18] or [15,
Lemma 27.25]. The proof is similar to that of Proposition 3.5.
Proposition 6.5. (a) Let E be an FK-space containing ϕ. Then EAAK is
an FK-space with AAK. More precisely, EAAK is a Ko¨the echelon space of
order 1, that is,
EAAK = λ1A
for some Ko¨the matrix A.
(b) Let E be a BK-space containing ϕ. Then EAAK is a diagonal trans-
form of l1; more precisely,
EAAK = l1a
with a = enn.
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After these preliminaries we will now see that the sectional property
AAK solves the problem posed at the beginning of this section.
Theorem 6.6. Let E be an FK-space containing ϕ. Then we have
EAAK = l1EKB
Proof. By Propositions 3.5(a) and 6.5(a) together with their proofs we
have to show that λ1A = l1λ∞A for every Ko¨the matrix A = ank. The
inclusion λ1A ⊂ l1λ∞A was already shown in the proof of Theorem
5.3(a). Conversely, if x = yz ∈ l1λ∞A then ∑∞k=1 xkank = ∑∞k=1 yk×
zkank <∞ for all n ∈ , so that x ∈ λ1A.
The next two results show that the property AAK is indeed related to
KB, with minor modiﬁcations, as AK is to AB, see the discussion before
Example 4.11. The modiﬁcation consists in replacing the coordinate product
of sequence spaces with their FK-product. The FK-product E⊗̂F of two FK-
spaces E and F was deﬁned in [5] and [4]; it is identical with the smallest
FK-space containing the coordinate product EF .
The ﬁrst result is the analogue of a part of [3, Theorem 11] and thus
completes Theorem 3.15.
Theorem 6.7. Let E be an FK-space containing ϕ. Then the following
assertions are equivalent:
(i) E has KB;
(ii) l1E ⊂ EAAK;
(iii) l1⊗̂E = EAAK .
Proof. i ⇒ ii. If E has KB then we obtain, with Theorem 6.6, l1E ⊂
l1EKB = EAAK
ii ⇒ iii. By the mentioned property of FK-products we have that
l1E ⊂ EAAK implies that l1⊗̂E ⊂ EAAK because EAAK is an FK-space.
Conversely, let x ∈ EAAK , that is,
∑∞
n=1 xnpen < ∞ for all continuous
seminorms p on E. We then have
x =
∞∑
n=1
xnen · en
where the convergence is coordinatewise, with xnen ∈ l1, en ∈ E, and∑∞
n=1 xnenl1pen <∞ for all p. By [4, p. 294] this implies that x ∈ l1⊗̂E.
iii ⇒ i. It follows from (iii) that l1E ⊂ E, and hence by Theorem
3.15 that E has KB.
The next result yields the analogue of [10, Corollary 1 to Theorem 4] or
[3, Corollary 2 to Theorem 11].
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Theorem 6.8. Let E be an FK-space containing ϕ. Then the following
assertions are equivalent:
(i) E has AAK;
(ii) l1⊗̂E = E;
(iii) E is a Ko¨the echelon space of order 1; that is, E = λ1A for some
Ko¨the matrix A.
Proof. i ⇒ ii. If E has AAK then Theorem 6.7 gives E = EAAK =
l1⊗̂E
ii ⇒ i. By Theorem 3.15, (ii) implies that E has KB. Hence we
obtain from Theorem 6.7 that E = l1⊗̂E = EAAK , so that E has AAK.
The equivalence i ⇔ iii follows from Proposition 6.5 and the obser-
vation that λ1AAAK = λ1A for all Ko¨the matrices A.
The equivalence of (i) with (iii) is due to Pietsch [18].
Note that as a consequence of Theorem 5.3 one cannot replace l1 ⊗̂E
with l1E in Theorem 6.7(iii) or Theorem 6.8(ii).
Corollary 6.9. The diagonal transforms of l1 are the only BK-spaces
with AAK and the only BK-spaces E containing ϕ with l1 ⊗̂E = E.
Following the suggestion of the referee, which I gratefully acknowledge,
I end this paper by indicating some topics for further research.
(a) Investigate the new sectional properties, in particular KB and
KB&AD, in more general topological sequence spaces; cf. the setting
adopted in [10] or [3].
(b) Deﬁne and investigate the corresponding Toeplitz sectional prop-
erties; cf. the literature mentioned before Observation 3.2. For example,
given a row-ﬁnite matrix T = tnk, an FK-space E containing ϕ would be
said to have property TKB if for every sequence x = xn ∈ E the set{∑
k
tnkxke
k −∑
k
tn−1kxke
k  n ∈ 
}
is bounded in E. Note that with this deﬁnition the space c0 of
Example 3.3(c) has TKB for T = C1!, the series-to-sequence Cesa`ro
matrix, while it does not have KB.
(c) Find a sequence space theoretic characterization of property KK;
cf. Theorem 4.12 and the preceding discussion.
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